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Abstract
Dynamical system analysis of a universe model which contains matter, radiation, and
quintessence with exponential potential, V(φ) = Vo exp(−ακφ) , is studied in the light of recent
observations and the tensions between different datasets. The three-dimensional phase space is
constructed by the energy density parameters and all the critical points of the model with their
physical meanings are investigated. This approach provides an easy way of comparing the model
directly with the observations. We consider a solution that is compatible with observations and is
continuous in the phase space in both directions of time, past and future. Although in many stud-
ies of late-time acceleration the radiation is neglected, here we consider all components together
and this makes the calculated effective equation of state parameter more realistic. Additionally, a
relation between potential parameter, α, and the value of quintessence equation of state parameter,
ωφ(to), today is found by using numerical analysis. We conclude that α has to be small in order to
explain the current accelerated phase of the universe and this result can be seen directly from the
relation we obtain. Finally we compare the usual dynamical system approach with the approach
that we follow in this paper.
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I. INTRODUCTION
The late-time cosmic acceleration discovered first from the observations of the Supernovae
type Ia (SN Ia) [1, 2], and since then has been supported by many cosmological observations
such as Cosmic Microwave Background (CMB) [3, 4] and the Baryon Acoustic Oscillations
(BAO) [5], has opened up a new research area in the last two decades.
It is assumed that this current accelerated phase of the universe is driven by an unknown
component, namely dark energy (For reviews see [3–5]). One of the simplest candidates for
this mysterious component is the cosmological constant with an equation of state (EoS) pa-
rameter ω = −1 ([5–7] and Refs. therein), and the model including the cosmological constant
as the dark energy component, dubbed the ΛCDM model, is accepted as the “concordance”
or “standard model” of cosmology. Despite its success, the cosmological observations do not
single out this model, and the construction of alternative models with similar behaviour to
ΛCDM model is an active research topic. Possibly the simplest extension of ΛCDM model in
the context of Einstein’s General Relativity is the so-called Quintessence [8] models of dark
energy in which the effect of a positive cosmological constant is mimicked by a canonical
scalar field minimally coupled to gravity with a specially designed potential to provide the ac-
celerated dynamics of the universe(e.g.[7, 9–11]). The mechanism suggested in quintessence
models is very similar to the one introduced for the slow-roll inflation of the early universe,
with the difference that in the former the effect of the non-relativistic matter must also be
included for the dynamics of the late universe. [12–14])
The increase in the precision of the datasets and many updated and improved analyses
have signed a tension between the value of the Hubble constant H0 obtained from the CMB
observations of Planck satellite [15] and the local observations based on the distance mea-
surements of Cepheids. A current study [16] claiming to relieve this tension suggests that an
evolving dark energy provides an explanation for this disagreement in the value of the H0,
and gives an advantage to quintessence models over the cosmological constant (see also [17]
for a short account of the tension). Another tension between the data obtained from the
large scale structure of the universe and the CMB data is about the value of the quantity σ8
(the amplitude of the density fluctuations in spheres with radius of 8h−1Mpc), and another
suggestion for solving these disagreements together is to include a “dark radiation” compo-
nent in the matter-energy budget of the universe [18–21]. All these observations and studies
justify to revisit the quintessence models including also the radiation component explicitly
which is generally neglected because of its very small contribution to the energy density of
the universe, in explaining its late-time acceleration phase.
Dynamical system analysis in quintessence models of dark energy provides a way of pow-
erful analysis to get the common evolutionary characteristics of the models with no need to
finely-tuned initial conditions. In this sense, instead of finding explicit solutions, it is possible
to classify many seemingly-different models by comparing their phase spaces, obtaining their
attractors etc. There are many works in the literature applying the methods of dynamical
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system anaylsis to cosmological models and most of them take the latest observational data
into account with different approaches [22–34].
In this paper, quintessence with exponential potential is studied. This model is actually
considered many times in the literature but the radiation is not included for the late-time
acceleration; we include also the radiation with the motivation of aforementioned tensions be-
tween different datasets. Three dimensional phase spaces constructed directly by the energy
density parameters are illustrated explicitly, and the evolution of cosmological parameters
characterizing our universe shown in these diagrams. Some of the important epochs in the
history of the universe, such as equalities of energy density parameters and beginning of the
accelerated expansion, are pointed out in the phase spaces. A relation between the param-
eter of the potential and present-day value of EoS parameter of quintessence is obtained
numerically using the phase space diagrams.
The plan of the paper is as follows: In Sec. II, the field equations and the autonomous
system is constructed. In Sec. III, the outline of the approach is summarized, and in Sec.
IV, the autonomous system corresponding to the exponential potential is set with all its
critical points and their characters. In Sec. V, the general approach to cosmological systems
using the dynamical system analysis is shortly mentioned to emphasize the difference of the
approach of this manuscript and the results, with concluding remarks in Sec. VI.
II. SET-UP
Friedmann equations for a flat universe which contains matter, radiation and quintessence
are written as,
H2 =
κ2
3
[
ρm + ρr +
1
2
φ˙ 2 + V(φ)
]
H˙ = − κ
2
2
[
ρm +
4
3
ρr + φ˙
2
] (1)
where κ2 = 8piG, H is the Hubble parameter, ρm and ρr represent matter and radiation
density, respectively, and dot indicates derivative with respect to cosmic time. Additionally,
Klein-Gordon equation for scalar field and continuity equations for matter and radiation
yield,
φ¨+ 3Hφ˙+
dV
dφ
= 0,
ρ˙m + 3Hρm = 0,
ρ˙r + 4Hρr = 0 .
(2)
First equation of above set (1) can be written in the following form,
1 = Ωm + Ωr + Ωk + Ωv, (3)
3
by using energy density parameters,
Ωm =
κ2ρm
3H2
, Ωr =
κ2ρr
3H2
, Ωk =
κ2φ˙ 2
6H2
, Ωv =
κ2V
3H2
. (4)
This rearrangement gives an opportunity to study with normalized variables so that the
phase space can be constructed with certain boundaries. Since all density parameters satisfy
0 ≤ Ωi ≤ 1, the phase plane in two dimensions is a right triangle while the phase space in
three dimensions is a triangular pyramid with unit edges.
In addition to above variables we define Ωφ as energy density parameter of quintessence
such that,
Ωφ = Ωk + Ωv , (5)
and consequently EoS parameter becomes,
ωφ =
φ˙ 2
2
− V(φ)
φ˙ 2
2
+ V(φ)
=
Ωk − Ωv
Ωk + Ωv
. (6)
It is obvious that ωφ approaches to −1 when potential term dominates over kinetic one, i.e.
φ˙2/2 V(φ) or in terms of energy density parameters Ωk  Ωv. Additionally, we define an
effective EoS parameter in the following form,
ωeff =
pm + pr + pq
ρm + ρr + ρq
=
1
3
Ωr + Ωk − Ωv , (7)
to check the beginning of accelerated expansion of the universe which occurs under the con-
dition ωeff <−1/3. Expressing EoS parameters in terms of density parameters is necessary
to use numerical values since the phase space diagrams of all models will be given in density
parameter space.
To construct the dynamical system, one should take derivatives of density parameters
with respect to time and rewrite all expressions of result in terms of set (4) by using Eq.’s
(1) and (2). Then, a variable change dN = Hdt, which will be denoted with prime, is enough
to cast the differential equation system into the following form,
Ω′m = Ωm(3Ωm + 4Ωr + 6Ωk − 3),
Ω′r = Ωr(3Ωm + 4Ωr + 6Ωk − 4),
Ω′k = Ωk(3Ωm + 4Ωr + 6Ωk − 6) + λΩv
√
6Ωk ,
Ω′v = Ωv(3Ωm + 4Ωr + 6Ωk − λ
√
6Ωk ),
λ′ = λ2(1− Γ)
√
6Ωk ,
(8)
where the roll parameter λ and the tracker parameter Γ are defined as
λ ≡ − 1
κV
dV
dφ
, Γ ≡ V d
2V
dφ2
/(dV
dφ
)2
. (9)
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III. METHOD
Phase space shows all possible solutions of an autonomous system and in this space there
is only one solution curve that passes from one point. In our case an ideal dynamical system
has at least one unstable and one stable node to describe a continuous solution which begins
from former and ends with latter. This is the necessary condition for our study yet it is
not enough alone. In our method we will directly use density parameter space and mark
present-day observational values in the phase space similar to Ref. [34] and look for a solution
which can describe whole evolution of our universe to the past and to the future without any
singularity while other parameters, such as EoS parameter of quintessence, will be obtained
as a result of this analysis. To achieve this, we will have some conditions that arise due to
the nature of the dynamical system (8) and recent observations :
a) Density parameter space consists of positive values in all directions and variables lie
between 0 and 1.
b) Since observations (Ref. [15]) suggest that EoS parameter of dark energy component
is very close to −1 today, we will use numerical results to obtain ωφ as possible as close
to that value which is also lower limit for quintessence. This will be achieved by fixing the
value of Ωk today.
c) Although the system has always an attractor so that there will be no discontinuity
in future solutions for our model, we will take into account only the curves that have the
same features in the past as well. In other words, the system must have an unstable point
(past-time attractor) in addition to stable one (future-time attractor) at all times and there
must be a solution which connects these two points as it passes from today’s values as well.
d) Numerical calculations will be done by using the results of Ref. [15] as follows
Ωm,0 = 0.3089
Ωr,0 = 9.16× 10−5
(10)
where density parameter of radiation is calculated via red-shift value of matter-radiation
equality, zeq = 3371, by using the expression
Ωm,0(z + 1)
3 = Ωr,0(z + 1)
4 . (11)
IV. MODEL
The exponential potential for quintessence has been studied many times due to the fact
that it has a motivation which comes from more fundamental theories [22] and in the context
of dynamical system analysis it gives relatively much simpler equation sets more than any
type of potential except the constant one. We will use the set (8) as the dynamical system
which, unlike most of the literature, is expressed directly in terms of the density parameters
for the first time, to our knowledge. Furthermore, instead of considering only one barotropic
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fluid with quintessence, both matter and radiation will be taken into account. Therefore,
dynamical system will require three dimensional analysis that will also ensure to control
whether it is compatible with standard Big Bang cosmology.
To begin with, we will take potential in the form of V(φ) = Vo exp(−ακφ) where Vo and
α are positive constants. This kind of potential can give similar solutions behaving in a
similar way to ΛCDM model depending on its parameter α, and one of the purposes here is
to determine a possible relation among α and other parameters of system with a range of
application.
First one should calculate the roll parameter in Eq.(9) for the given potential. In our
case λ is constant (α) so that it is no longer a member of the equation set (8). Then, the
autonomous system for this model becomes
Ω′m = Ωm(3Ωm + 4Ωr + 6Ωk − 3),
Ω′r = Ωr(3Ωm + 4Ωr + 6Ωk − 4),
Ω′k = Ωk(3Ωm + 4Ωr + 6Ωk − 6) + α(1− Ωm − Ωr − Ωk)
√
6Ωk ,
(12)
where Ωm, Ωr, and Ωk are chosen as independent variables and Ωv is written in terms of
them by using Eq.(3). Note that the third equation of the system contains square root term
which causes discontinuity expressed in the previous section and corresponds to the source
of singularity mentioned in [34]. Hence, this variable has to be treated carefully to obtain
a continuous solution. It seems that analyzing the system by separating energy density
parameter of quintessence into kinetic and potential terms turns out to be a good way of
avoiding this kind of behavior by fixing Ωk to an appropriate value today.
EoS parameter of quintessence approaches to −1 when potential term dominates over
kinetic term as stated previously, that is, Ωk has to be very small compared to Ωv today. Then
the purpose is to obtain the minimum value of ωφ provided that the solution is continuous,
in other words Ωk > 0 at all times.
The autonomous system has seven critical points each of which has a special physical
meaning. Table (I) shows critical points of system given in Eq.(12). Now we will discuss
every one of them in detail :
• Point A represents potential of quintessence in the absence of all other components.
As seen from EoS parameters corresponding to this point, solution is cosmological
constant-like. This point is an attractor for α = 0, i.e., constant potential case which
is not considered here. For positive values of α it is a saddle point which repels solutions
along Ωk axis and attracts in other two directions.
• Point B is kinetic-dominated solution and it is the single source of system provided that
α<
√
6 . At this particular α value (
√
6 ), points B and E has a transcritical bifurcation,
in other words, they exchange their stability in the context of one invariant manifold.
• Point C is radiation-dominated solution and it is a saddle point with two unstable
invariant manifolds for every value of α.
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TABLE I: Critical points and their stability of system (12). Index of saddle points indicates the number
of unstable invariant manifolds.
# Ωm Ωr Ωk Existence Condition Character ωφ ωeff
A 0 0 0 ∀α - Saddle - Index 1 −1 −1
B 0 0 1 ∀α
α <
√
6 Unstable node
1 1
α >
√
6 Saddle - Index 2
C 0 1 0 ∀α - Saddle - Index 2 0 1/3
D 1 0 0 ∀α - Saddle - Index 1 0 0
E 0 0
α2
6
α <
√
6
0 < α <
√
3 Stable node
α2
3
− 1 α
2
3
− 1√3 < α < 2 Saddle - Index 1
2 < α <
√
6 Saddle - Index 2
F 1− 3
α2
0
3
2α2
α >
√
3
√
3 < α <
√
24/7 Stable node
0 0
α >
√
24/7 Stable spiral-node
G 0 1− 4
α2
8
3α2
α > 2
2 < α <
√
64/15 Saddle - Index 1
1/3 1/3
α >
√
64/15 Spiral saddle - Index 1
• Point D is matter-dominated solution and it is a saddle point with one unstable
invariant manifold for every values of α.
• Point E is scalar field dominated solution for α<√3 . This is the only point which
describes desirable acceleration of the universe that is compatible with observations.
After this value, Point E has a series of transcritical bifurcations with points F and
G, respectively, first of which converts it to a saddle point with one unstable invariant
manifold and the second one adds one more unstable invariant manifold to its stability.
Moreover, this point has another such bifurcation with Point B at α =
√
6 and this
process transforms it into an unstable node. However, it does no longer exist in the
phase space after this event. Hence, this value determines upper limit of α due to
violation of one principal condition (Sec. III-c).
• Point F is matter scaling solution. It has a transcritical bifurcation with Point E at
α =
√
3 where it begins to exist in physical phase space. Immediately after it takes
over stability of Point E, it shows spiral property on Ωm − Ωk plane and continues to
attract solutions in all directions.
• Point G is radiation scaling solution and it is always saddle. On the other hand, its
stable invariant manifold coincides with Ωr−Ωk plane which means that solutions are
always repelled from that point as long as Ωm > 0.
Fig.(1) shows phase spaces and evolution of cosmological parameters for α = 1 and α = 2
respectively. In both cases, after the solution begins from an unstable node, it is first at-
7
Ωm
0
1
Ωr
0
1
Ωk
0
1
I
II
III IV
V
(a) Phase space of system (12) with α = 1.
−1
−0.68
1
ω
ωφ
ωeff
0
Time (not scaled )
0
1
Ω
Ωm
Ωr
Ωφ
(b) Cosmological parameters of system (12)
with α = 1. Dashed vertical lines from left
to right represent points I, II, III, IV and
V, respectively.
Ωm
0
1
Ωr
0
1
Ωk
0
1
I
II
IV
V
(c) Phase space of system (12) with α = 2.
−1
0
1
ω
ωφ
ωeff
0
Time (not scaled )
0
0.25
0.75
1
Ω
Ωm
Ωr
Ωφ
(d) Cosmological parameters of system (12)
with α = 2. Dashed vertical lines from left
to right represent points I, II, IV and V,
respectively. In this case, accelerated
expansion does not occur.
FIG. 1: Matter, radiation and quintessence model. Points on the solution curve : I(Ωm = Ωφ),
II(Ωm = Ωr), III(ωeff = −1/3), IV(Ωm = Ωφ), V(today).
tracted and then repelled by two saddle points which cause radiation and matter-dominated
eras successively. It is worthwhile to point out that the radiation density reaches its maxi-
mum value just after the time of first matter-quintessence equality (Point I). Additionally,
the density of quintessence reaches negligible values almost at the time of matter-radiation
equality (Point II) and its real minimum occurs just before the maximum matter density.
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Analysis shows that the system has no unstable node (past-time attractor) for α >
√
6
and they must be ruled out, and thus we can safely say that the upper limit of α is
√
6 .
On the other hand, for α values greater than
√
3 , attractor character of the point on the
Ωk axis (Point E) turns to saddle and another attractor (matter scaling solution) appears
on the Ωm − Ωk plane. In these cases quintessence can not dominate energy density of the
universe completely as seen in Fig.(1d). Fig.(1a) shows phase space and Fig.(1b) evolution
of the parameters of the system for α = 1.
α Ωk,0(to) ωφ(to) ωeff (to)
0.5 0.013 −0.96 −0.68
1 0.053 −0.85 −0.64
1.5 0.124 −0.64 −0.57
2 0.245 −0.29 −0.45
TABLE II: Today’s values of parameters with
different α values.
0.17
√
3
√
6
α
−1
−0.7
0
0.6
ωφ
ωeff
Ωk
FIG. 2: Results of numerical calculation belonging
to ωφ(to), ωeff (to) and Ωk,0(to).
A sample of numerical values of ωφ(to), ωeff (to), and Ωk,0(to) for different α’s are given
in Table (II) where to indicates values today. Additionally, Fig.(2) shows the plot of the
analysis that is obtained by fitting the numerical values which are marked in the figure as
well. It seems that Ωk,0(to) is negative below α ≈ 0.161 which is not acceptable due to our
conditions (Sec. III-a and III-c). Hence we will take it as 0.17. With this lower limit, we
have found that relation between ωφ(to) and α is in the form,
ωφ(to) = −1.01 + 1
15
α +
1
25
α2 +
4
75
α3 , (13)
where the range of the potential parameter is 0.17 < α <
√
6. However, although they
could cause an accelerated expansion at some limit, α values bigger than 0.5 are clearly not
compatible with observations as it can be seen from Table (II).
V. THE GENERAL APPROACH IN DYNAMICAL SYSTEM ANALYSIS
Autonomous phase plane analysis of a model which contains matter and quintessence
with exponential potential was first studied in [22] and detailed analysis was reconsidered
in [27]. Instead of usual x− y plane a different phase diagram (Ωφ − γφ) was introduced in
[29] and the solution which could describe our universe was sought in [34] with a detailed
comparison of two phase planes in question.
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−1 0 1
x
0
1
y
(a) Phase plane of system (14) with α = 1
−1 0 1
x
0
1
y
(b) Phase plane of system (14) with α = 2
FIG. 3: Red-shaded area represents the region where −0.85 < ωφ < −1 and 0.65 < Ωφ < 0.75. Blue
curves show two possible limit solutions and green dashed half-circle indicates Ωm = Ωφ = 0.5.
Dynamical system for matter and quintessence field with exponential potential is usually
given in the following form,
x′ = −3x+ α
√
3
2
y2 +
3
2
x(1 + x2 − y2),
y′ = −α
√
3
2
xy +
3
2
y(1 + x2 − y2),
(14)
where independent variables are chosen as,
x =
κφ˙√
6H
and y =
κ
√
V√
3H
. (15)
Although the system we use in this paper and the one that has chosen in [29, 34] have direct
physical meaning by comparison with the usual procedure used in the dynamical system
analysis, these systems do not have the same critical points on the phase plane due to the
choice of the variables. The main differences of the phase planes originate from definition of
one of the independent variables of the autonomous system, namely,
Ωk =
κ2φ˙2
6H2
or x =
κφ˙√
6H
. (16)
Since H > 0 for an expanding universe, then sign of φ˙ is the same with x. Thus, φ(t) is
a decreasing or increasing function depending on the sign of x. On the other hand Ωk is
insensitive to a sign change and it is automatically not defined in the negative part of its
phase plane.
In the common approach to dynamical systems, solutions that start from point (−1, 0)
and end with scaling solution could enter acceleration region at some point and could even
be compatible with present-day value of the density parameter of dark energy as seen in
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Fig.(3b). Nonetheless, the problem is that these solutions do not properly describe a matter-
dominated era before accelerated expansion. Conversely, there are solutions which provides
the matter-dominated epoch, but in this case the EoS parameter of quintessence could not
reach observationally consistent values. However, there exist appropriate solutions in the
phase plane before scaling solution appears, i.e. α <
√
3 . A sample of this case can be seen
in Fig.(3a). Hence, in addition to evidences from nucleosynthesis that implies α & 9 [35],
scaling solutions, which could enter to the region describing the accelerated expansion of the
universe in the phase space, are problematic even in explaining standard big bang evolution
before late-time acceleration.
VI. CONCLUSION
In this paper quintessence is considered as an alternative to cosmological constant with an
advantage of its dynamical structure. Although the cosmological constant is the simplest idea
in order to model the current accelerating phase of the universe, it has its own problems,
mentioned in Sec.I. Thus, the scalar fields are basic candidates which may overcome the
shortcomings of ΛCDM model.
Scalar fields with exponential potential have been subject to many studies in the context
of dynamical system analysis. However, unlike most of the literature on application of
dynamical systems in cosmology, we have constructed the phase space with energy density
parameters that provides to track the observational constraints directly, and the model we
examined consists of quintessence and both matter and radiation, which in general omitted
in the context of late-time acceleration.
In this study, after constructing the phase space, we have found a relation between poten-
tial parameter and present-day value of EoS parameter of quintessence by using the numerical
values which is obtained from a realistic solution. This relation is given in Eq.(13). It is
straightforward to conclude from the result that values of α larger than 0.5 are surely not
enough to explain the current status of the universe. Apart from that we give a brief expla-
nation about differences of used phase spaces in which it may seem that they have different
critical points. It is clear that this difference originates from the choice of the variable that
belongs to kinetic term of the quintessence field. Although results for the parameter of po-
tential are the same with recent studies regardless of dynamical system variables, the one
we give in this study is easier to comment and compare with observational values.
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